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Abstract
We show that: (1) if R is a Noetherian domain, then R❏{Xλ}λ∈Λ❑1 is a strong Mori domain; (2) if
R is a strong Mori domain, then R❏{Xλ}λ∈Λ❑1 is a Mori domain; but (3) there exists a strong Mori
domain R such that R❏X❑ is not a strong Mori domain.
 2003 Elsevier Inc. All rights reserved.
Let R be an integral domain with quotient field K . An ideal J of R is called a Glaz–
Vasconcelos ideal (GV-ideal), denoted by J ∈ GV(R), if J is finitely generated and
J−1 = R. For a fractional ideal I of R, the w-closure of I is defined by Iw = {x ∈ K |
xJ ⊆ I for some J ∈ GV(R)}. I is called a w-ideal if I = Iw . A w-ideal I is said to be
of finite type if there exists a finitely generated ideal J such that I = Jw . Denote the set
of maximal proper integral w-ideals by w-max(R). Then Iw =⋂{IP | P ∈ w-max(R)}
[FM1, Proposition 3.4]. R is called a strong Mori domain if R satisfies the ascending
chain condition on integral w-ideals. In [FM1,FM2] Wang and McCasland introduced
these concepts and characterized strong Mori domains.
Theorem 1 ([FM1, Theorem 4.3] and [FM2, Theorem 1.9]). The following statements are
equivalent:
(1) R is a strong Mori domain.
(2) Each prime w-ideal of R is of finite type.
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finite character.
Since w-max(R) = t-max(R) ([AC, Corollary 2.17] or [P1, Lemma 2.1]), every
Noetherian or Krull domain is a strong Mori domain, and since each divisorial ideal
is a w-ideal, every strong Mori domain is a Mori domain. (Recall that a Mori domain
is a domain satisfying the ascending chain condition on integral divisorial ideals.) This
paper is concerned with the preservation or the interrelation of these properties under
polynomial extension or power series extension. We begin with well-known results which
are motivations of our study. Before stating them, we need to recall some definitions. If
{Xλ}λ∈Λ is an arbitrary set of indeterminates over R, there are three ways of defining
“the ring of formal power series in the set {Xλ}λ∈Λ over R.” We denote these rings
by R❏{Xλ}λ∈Λ❑i , i = 1,2,3. We are mainly interested in the first type power series
ring R❏{Xλ}λ∈Λ❑1, which is defined to be the union of the ascending net of the rings
R❏{Xλ}λ∈F ❑, where F runs over all finite subsets of Λ. For the definition of the other
two types of power series ring, see [G2, p. 6].
Theorem 2. Let X, Xλ (λ ∈Λ) be indeterminates over R.
(1) (Hilbert basis theorem) If R is Noetherian, then so are R[X] and R❏X❑.
(2) (Wang and McCasland [FM2, Theorem 1.13]) If R is a strong Mori domain, then so
is R[X].
(3) (Roitman [Ro2,Ro3]) If R is a Mori domain, then R[X] and R❏X❑ are not necessarily
Mori domains.
(4) (Gilmer and Heinzer [GH, Corollary 1]) If R is a Krull domain, then so are the rings
R[{Xλ}λ∈Λ] and R❏{Xλ}λ∈Λ❑1 for any arbitrary set Λ.
(5) (Gilmer [G1]) If R is a Krull domain, then so are the rings R❏{Xλ}λ∈Λ❑i , i = 1,2,3,
for any arbitrary set Λ.
These naturally lead us to ask the following questions:
(a) If R is a Noetherian domain, then the polynomial ring R[{Xλ}λ∈Λ] and the power
series ring R❏{Xλ}λ∈Λ❑1 are not Noetherian for the case the set Λ is infinite. In this
case, are the rings R[{Xλ}λ∈Λ] and R❏{Xλ}λ∈Λ❑1 strong Mori domains?
(b) More generally, if R is a strong Mori domain, are the rings R[{Xλ}λ∈Λ] and
R❏{Xλ}λ∈Λ❑1 strong Mori domains? If not, are they Mori domains?
(c) What can we say about the rings R❏{Xλ}λ∈Λ❑i for i = 2,3?
We already gave the positive answers to the question (a) [P1, Proposition 4.9] and the
question (b) in the polynomial case [P1, Theorem 4.7]. But as in the paper [GH], by
considering the general question of when the union of a family of strong Mori domains
is itself a strong Mori domain, we can get the same results.
Proposition 3. Let {Aλ}λ∈Λ be a filtered family of strong Mori domains such that for α < β ,
the extension Aα →Aβ satisfies the following conditions:
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(2) (pAβ)w ∈w-max(Aβ) for each p ∈w-max(Aα);
(3) for each ideal I of Aα and each element b ∈ Aα , (I :Aα b)Aβ = (IAβ :Aβ b). (This
holds if Aβ is a flat Aα-module.)
Then
⋃
λ∈ΛAλ is a strong Mori domain.
Proof. Let A = ⋃λ∈ΛAλ and let M ∈ w-max(A). We first show that M ∩ Aα ∈
w-spec(Aα) for all α such that M ∩ Aα = (0). Suppose that M ∩ Aα( = (0)) is not a
w-ideal for some α. Then there exists J ∈ GV(Aα) such that J ⊆M ∩ Aα . Let β  α.
If JAβ /∈ GV(Aβ), then JAβ ⊆ Q for some Q ∈ w-max(Aβ). By condition (1), J ⊆
Q∩Aα ∈w-max(Aα), which is a contradiction. So JAβ ∈GV(Aβ) for all β  α. Now we
can show that JA ∈GV(A). Let x ∈ (JA)−1. Then xJ ⊆A. Since q.f.(A)=⋃q.f.(Aλ)
and J is finitely generated, we can choose γ  α such that x ∈ q.f.(Aγ ) and xJ ⊂ Aγ ,
so x ∈ (JAγ )−1. Since JAγ ∈ GV(Aγ ), x ∈ Aγ , and so x ∈ A. Thus, JA ∈ GV(A).
But since J ⊆ M ∩ Aα , JA ⊆ M ∈ w-max(A), a contradiction. Therefore, M ∩ Aα ∈
w-spec(Aα).
Since Aα is a strong Mori domain, M ∩Aα is contained in only finitely many maximal
w-ideals, say p1, . . . , pn. Let β  α and let Q be a maximal w-ideal of Aβ containing
M ∩ Aβ . Then M ∩ Aα ⊆ Q ∩ Aα . By condition (1), Q ∩ Aα = pi for some i . Now by
condition (2), Q= (piAβ)w . Therefore, there exists i such that M ∩Aβ ⊆ (piAβ)w for all
β  α. Put p = pi . Then M =⋃βα(M ∩Aβ)⊆
⋃
βα(pAβ)w .
Now we claim that M = (pA)w . If x ∈M , then x ∈ (pAβ)w for some β  α. So there
exists Jβ ∈ GV(Aβ) such that xJβ ⊆ pAβ ⊆ pA. Since JβA ∈ GV(A), x ∈ (pA)w . Thus
we have M ⊆ (pA)w . For the opposite inclusion, since M is a maximal w-ideal of A, it
suffices to show that (pA)w = A. Since Aα is a Mori domain, p is a maximal divisorial
ideal, so it is of the form ((a) :Aα b) for some a, b ∈Aα . Hence,
(pA)w ⊆
((
(a) :Aα b
)
A
)
w
⊆ (aA :A b)=
⋃
βα
(
aAβ :Aβ b
)=
⋃
βα
(
(a) :Aα b
)
Aβ
=
⋃
βα
pAβ,
where the second equality holds by condition (3). Now since each (pAβ)w is a maximal
w-ideal of Aβ , pAβ is a proper ideal of Aβ , so
⋃
βα pAβ is a proper ideal of
⋃
βα Aβ ,
which is equal to A.
Therefore, MAM = (pA)wAM = pAM . Since p(Aα)p is finitely generated and
(Aα)p ⊆AM , pAM , in other words, MAM is finitely generated.
Now let J be a finitely generated ideal of AM . Then there exist β  α and a finitely
generated ideal I of Aβ such that J = IAM . Let c/1 ∈⋂∞i=0(J +MiAM), where c ∈ A.
Then c ∈ Aγ for some γ  β . So c/1 ∈ ⋂∞i=0(IAγ + piAγ )AM . Hence, for each i ,
there exists si ∈ A \ M such that sic ∈ (IAγ + piAγ )A. Set Ji = IAγ + piAγ . Then
si ∈ (JiA :A c) = (Ji :Aγ c)A by condition (3). So we can write si =
∑n(i)
t i ui , wherej=1 j j
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t ij c ∈ Ji = IAγ +piAγ , c ∈ (IAγ +piAγ )AγM∩Aγ for all i . SinceAγM∩Aγ is Noetherian,
∞⋂
i=0
(
IAγ + piAγ
)
AγM∩Aγ =
∞⋂
i=0
(
IAγM∩Aγ + (M ∩Aγ )iAγ M∩Aγ
)= IAγM∩Aγ ⊆ J.
Thus, we have c/1 ∈ J , which implies that ⋂∞i=0(J + MiAM) = J , i.e., each finitely
generated ideal of AM is closed with respect to the MAM -adic topology. Since, in
particular, for J = (0), we have ⋂∞i=0 MiAM = (0), AM is Noetherian by [Na, Theo-
rem 31.8].
Now consider A=⋂M∈w-max(A) AM . Let a ∈A \ {0}. Then a ∈Aα for some α. Since
Aα is a strong Mori domain, a is contained in only finitely many maximal w-ideals of
Aα , say p1, . . . , pn. Let M ∈ w-max(A) such that a ∈M . Then M = (piA)w for some i .
Therefore, a is contained in only finitely many maximal w-ideals of A. Since a is an
arbitrary nonzero element of A, this implies that the intersection A =⋂M∈w-max(A) AM
has finite character.
Therefore, by Theorem 1, A is a strong Mori domain. ✷
Remark 4. Since in a Krull domain, the w-operation and the v-operation coincide [P1,
Corollary 2.5], the conditions (1) and (2) are the same as the conditions given in [GH,
Theorem 3]. But we do not need the condition (3) in the Krull case. Even though we added
it in the strong Mori domain case, we do not know at the moment if it is essential. One
more thing to remark is that our proof is totally different from that of [GH, Theorem 3]. In
fact, in the latter part of the proof, where we show that AM is Noetherian, we followed the
proof of [BCL, Theorem A] line by line.
Corollary 5. Let Λ be any arbitrary index set.
(1) If R is a strong Mori domain, then R[{Xλ}λ∈Λ] is also a strong Mori domain.
(2) If R is a Noetherian domain, then R❏{Xλ}λ∈Λ❑1 is a strong Mori domain.
Proof. The conditions of Proposition 3 are fulfilled for the family {R[{Xλ}λ∈F ] | F is
a finite subset of Λ} for a strong Mori domain R, and for the family {R❏{Xλ}λ∈F ❑ | F
is a finite subset of Λ} for a Noetherian domain R. ✷
If R is a strong Mori domain, then the family {R❏{Xλ}λ∈F ❑ | F is a finite subset of Λ}
does not necessarily satisfy the conditions in Proposition 3. So we cannot apply it to
the power series ring over a strong Mori domain. Now we recall the following result by
Ribenboim.
For any domain A, let A((X))=A❏X❑{Xi |i=0,1,...}.
Lemma 6 [Ri, Proposition 1]. Let C be a domain, let {Aλ}λ∈Λ be a family of subrings of C,
A=⋂λ∈ΛAλ, and let K be a quotient field of A. Then
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(2) If the family {Aλ}λ∈Λ has finite character, then the family {Aλ((X))}λ∈Λ also has finite
character. (Moreover, if each Aλ❏X❑ is a Mori domain, then A❏X❑ is also a Mori
domain.)
Together with Lemma 6, we will use the following Roitman’s result [Ro1, Theorem 2.2]:
R is a Mori domain if and only if for any a ∈R \{0}, the ring R/Ra has CC⊥, where CC⊥
means the descending chain condition on annihilators, or equivalently, the ascending chain
condition on annihilators.
Theorem 7. If R is a strong Mori domain, then R❏{Xλ}λ∈Λ❑1 is a Mori domain for any
arbitrary set Λ.
Proof. If R is a strong Mori domain, then the family {RP | P ∈ w-max(R)} has finite
character, each RP is Noetherian and R =⋂RP . First, we show that for any finite subset
F of Λ, R❏{Xλ}λ∈F ❑ is a Mori domain. Let {X1, . . . ,Xn} be a finite set of indeterminates
over R. Then by Lemma 6, we have R❏X1❑ =K0❏X1❑ ∩ R((X1)), where K0 is a quotient
field of R. Now apply Lemma 6 to the ring R((X1)), then we have
R❏X1,X2❑=K0❏X1,X2❑∩R((X1))❏X2❑=K0❏X1,X2❑∩K1❏X2❑∩R((X1))((X2)),
where K1 is a quotient field of R((X1)). Thus, by repeating this process, we get
R❏X1, . . . ,Xn❑
=K0❏X1, . . . ,Xn❑∩K1❏X2, . . . ,Xn❑∩ · · · ∩Kn−1❏Xn❑∩R((X1)) · · · ((Xn)),
where Ki is a quotient field of R((X1, . . . ,Xi)), i = 0,1, . . . , n− 1. Again by Lemma 6,
R((X1)) · · · ((Xi)) =⋂RP ((X1)) . . . ((Xn)) has finite character, and then since each RP is
Noetherian, so is RP ((X1)) · · · ((Xn)). Therefore,R((X1)) · · · ((Xn)) is a Mori domain. Thus,
R❏X1, . . . ,Xn❑, being the intersection of finite Mori domains, is a Mori domain.
Now for an infinite set Λ, to prove that R❏{Xλ}λ∈Λ❑1 is a Mori domain, it suffices to
show that for any f ∈ R❏{Xλ}λ∈Λ❑1 \{0}, the ringR❏{Xλ}λ∈Λ❑1/fR❏{Xλ}λ∈Λ❑1 hasCC⊥.
Let f ∈ R❏{Xλ}λ∈Λ❑1 \ {0}. Then f ∈ R❏{Xλ}λ∈F ❑ for some finite subset F of Λ. So
R❏{Xλ}λ∈Λ❑1
/
fR❏{Xλ}λ∈Λ❑1 ∼=
(
R❏{Xλ}λ∈F ❑
/
fR❏{Xλ}λ∈F ❑
)
❏{Xλ}λ∈Λ\F ❑1.
Now for convenience, we assume that F = {1,2, . . . , n}. Then
R❏{Xλ}λ∈F ❑
fR❏{Xλ}λ∈F ❑ =
R❏X1, . . . ,Xn❑
fR❏X1, . . . ,Xn❑
⊆
n−1⊕ Ki❏Xi+1, . . . ,Xn❑
fKi❏Xi+1, . . . ,Xn❑
⊕ R((X1)) · · · ((Xn))
fR((X1)) · · · ((Xn))i=0
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n−1⊕
i=0
Ki❏Xi+1, . . . ,Xn❑
fKi❏Xi+1, . . . ,Xn❑
⊕
∏
P∈w-max(R)
RP ((X1)) · · · ((Xn))
fRP ((X1)) · · · ((Xn)) .
Since R((X1)) · · · ((Xn)) = ⋂RP ((X1)) · · · ((Xn)) has finite character, fRP ((X1)) · · ·
((Xn)) = RP ((X1)) · · · ((Xn)) for almost all P ∈ w-max(R). So there exists a finite subset
{P1, . . . ,Pm} of w-max(R) such that
R❏X1, . . . ,Xn❑
fR❏X1, . . . ,Xn❑
❏{Xλ}λ∈Λ\F ❑1 ⊆
n−1⊕
i=0
Ki❏Xi+1, . . . ,Xn❑
fKi❏Xi+1, . . . ,Xn❑
❏{Xλ}λ∈Λ\F ❑1
⊕
m⊕
i=1
RPi ((X1)) · · · ((Xn))
fRPi ((X1)) · · · ((Xn))
❏{Xλ}λ∈Λ\F ❑1.
Now each Ki❏Xi+1, . . . ,Xn❑❏{Xλ}λ∈Λ\F ❑1 and RPj ((X1)) · · · ((Xn))❏{Xλ}λ∈Λ\F ❑1 are
Mori domains by Corollary 5, so
Ki❏Xi+1, . . . ,Xn❑
fKi❏Xi+1, . . . ,Xn❑
❏{Xλ}λ∈Λ\F ❑1 ∼= Ki❏Xi+1, . . . ,Xn❑❏{Xλ}λ∈Λ\F ❑1
fKi❏Xi+1, . . . ,Xn❑❏{Xλ}λ∈Λ\F ❑1
and
RPj ((X1)) · · · ((Xn))
fRPj ((X1)) · · · ((Xn))
❏{Xλ}λ∈Λ\F ❑1 ∼=
RPj ((X1)) · · · ((Xn))❏{Xλ}λ∈Λ\F ❑1
fRPj ((X1)) · · · ((Xn))❏{Xλ}λ∈Λ\F ❑1
have CC⊥. Since the finite direct sum of CC⊥-rings is a CC⊥-ring and any subring of
a CC⊥-ring is a CC⊥-ring ([CR]), the ring R❏{Xλ}λ∈Λ❑1/fR❏{Xλ}λ∈Λ❑1 has CC⊥. ✷
Unlike the Mori domain case, the intersection of strong Mori domains (or even Noethe-
rian domains) with finite character is not in general a strong Mori domain [P2, Exam-
ple 3.1], so we cannot apply the above idea to see if the ring R❏{Xλ}λ∈Λ❑1 is a strong Mori
domain, even in the case Λ is finite. In fact, we can construct a strong Mori domain R such
that R❏X❑ is not a strong Mori domain.
Let G be a nonfinitely generated abelian group of torsion-free rank 2 such that each
rank 1 subgroup of G is cyclic. Let K be a field of characteristic 0. Then the group ring
T = K[G] is a 2-dimensional nonNoetherian UFD which is locally Noetherian ([G3],
[BCL, Theorem A]).
Now we will show that T is not an SFT ring. Recall that an ideal I is called an SFT ideal
if there exist a finitely generated ideal J ⊆ I and a natural number n such that an ∈ J for
all a ∈ I . A ring R is called an SFT ring if every ideal of R is an SFT ideal, or equivalently,
every prime ideal of R is an SFT ideal [Ar].
Lemma 8. T is not an SFT ring.
Proof. Suppose T is an SFT ring. Let M be a maximal ideal of T . Then M is the radical of
a finitely generated ideal I1. Since TM is Noetherian, there exists a finitely generated ideal
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T is a 2-dimensional UFD and each maximal ideal is finitely generated, T is Noetherian,
which is a contradiction. ✷
Lemma 9. There exists a maximal ideal M of T such that T ❏X❑M❏X❑ is not Noetherian.
Proof. Since T is a 2-dimensional nonSFT UFD, there exists a maximal ideal N which is
not an SFT-ideal. Choose a sequence {ai}∞i=0 of elements of N so that ak+1k+1 /∈ (a0, . . . , ak)
for each k  0. We may assume that a0 is a nonzero prime element. Set Ak = (a0, . . . , ak)
and let A=⋃∞k=0Ak . Then there exists an infinite chain of prime ideals of T ❏X❑, Q0 
Q1  · · · such that AT ❏X❑ ⊆Q0 [Ar, Theorem 1]. Since (a0) A⊆Q0 ∩ T and (a0) is
a nonzero prime ideal, Q0 ∩ T =M for some maximal ideal M . By [B, Theorem 5], each
Qi is contained in M❏X❑. Thus since htM❏X❑=∞, T ❏X❑M❏X❑ is not Noetherian. ✷
Theorem 10. There exists a strong Mori domain R such that R❏X❑ is not a strong Mori
domain.
Proof. Let M be a maximal ideal of T such that T ❏X❑M❏X❑ is not Noetherian. Choose
a proper subfield k of T/M such that [T/M : k]<∞. (We can choose such a field k by
changing the field K , if necessary. See the remark below.) Let φ :T → T/M be the natural
projection and let R = φ−1(k). Then by [P1, Proposition 3.7], R is a strong Mori domain.
Now consider the following pullback diagram:
R❏X❑S R❏X❑S/M❏X❑S
T ❏X❑S T ❏X❑S/M❏X❑S,
where S =R❏X❑ \M❏X❑. Since the quotient overring T ❏X❑M❏X❑ (= T ❏X❑T ❏X❑\M❏X❑) of
T ❏X❑S is not Noetherian, T ❏X❑S is not Noetherian. (In fact, these two rings are the same.)
So by [Fo, Theorem 2.3], R❏X❑S is not Noetherian, either.
Meanwhile, since M is a divisorial maximal ideal of R, M❏X❑ is a maximal divisorial
ideal of R❏X❑ by [Ro1, Theorem 3.7]. So M❏X❑ is a maximal w-ideal of R❏X❑. But since
R❏X❑M❏X❑(= R❏X❑S) is not Noetherian, we get the conclusion that R❏X❑ is not a strong
Mori domain. ✷
Remark 11. Let F be a free subgroup of G such that G/F is torsion. Then T = K[G]
is integral over K[F ] [BCL, Lemma 1]. Since G is of torsion-free rank 2, K[F ] ∼=
K[X1,X−11 ,X2,X−12 ], where X1,X2 are indeterminates over K . Set Y1 = X1 + X−11 ,
Y2 = X2 + X−12 . Then K[X1,X−11 ,X2,X−12 ] is integral over the polynomial ring
K[Y1, Y2]. Thus T/M is integral overK[Y1, Y2]/M∩K[Y1, Y2], and henceK[Y1, Y2]/M∩
K[Y1, Y2] is a field. If we let K be the field C of complex numbers, then K[Y1, Y2]/M ∩
K[Y1, Y2] ∼= C by Hilbert Nullstellensatz. Since T/M is algebraic over the algebraically
368 M.H. Park / Journal of Algebra 270 (2003) 361–368closed field C, we must have T/M ∼=C. Now take k = R, the field of real numbers. Then
k is a proper subfield of T/M such that [T/M : k] = 2<∞.
We close this paper mentioning that we did not even touch the question (c).
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